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Explicit construction of the spin4 Casimir operator in the 
coset model sO(5)I x ~̂ 0(5),/~̂ 0(5)1+, 

Changhyun Ahnt$§ 
Institute for Theoretical Physics. State University of New York at Stony Brook, Stony Brook, 
NY 11794-3840, USA 

Received 6 May 1993 

Abstract. We generalize the coset constructions to the dimensi0!1-5E o p o r  for @(5) and 
compute the fourth-order Casimir invariant in the coset model SO(5)1 x S0(5),/S0(5)1+, 
with the generic unitary minim1 c c 5 / 2  series that can be viewed as perturbations of the 
m + m limit. which has previously been investigated in the e = 512 realization of the free 
fermion model. 

Extensions of conformal symmetry have played an important role in the systematic study 
of two-dimensional conformal quantum field theories. It is of great consequence to realize 
that in a given model of conformal field theory the true symmetry algebra is bigger than the 
conformal algebra alone. The representations of such a model can be enhanced by studying 
the extra symmetry. Very recently, nonlinear higher-spin extensions of the Virasoro algebra, 
so called W-algebras, have been reviewed in [l]. 

After two scalar Eree-field realizations [2] of Zamolodchikov's W, algebra [3], Fateev 
and Lukyanov [4] have extended it to the infinite-dimensional associative algebras WA,, 
WD, and WB,, based on the finite Lie algebras A,, D., and Bn, respectively. In particular, 
the spins of the fields of the W B ,  algebra are not related to the exponents of B, = su(2nf l), 
but instead to those of the Lie superalgebra B(0, n )  = osp(1,Zn); 1,3, . . . ,2.n - 1 and 
n - 1/2 (the exponents plus 1) [SI. For n = 1, the W E ,  algebra corresponds to the N = 1 
superconformal algebra. 

Extended symmetries are easy to deal with in conformal field theories based on the coset 
constructions [6,7]. In this approach, the unitary representations of the Casimir algebra 
(c < I ,  where 1 is the rank of the algebra) can be obtaiued from the cosets for the algebras 
A D E .  For the non-simply laced algebra. Bn, this was further discussed in [5 ] .  The discrete 
series of c values [4] from free-field construction coincide with values obtained from coset 
models associated with the in = s^o(Zn + 1) algebra. 

The existence of the W E 2  algebra, which is associative for all values of c, has been 
shown in [SI by explicitly using the perturbative conformal bootstrap. We were able to 
reproduce their findings by exploiting the graded Jacobi identity for the Laurent expansion 
modes of generating currents and illustrated a realization of the c = 512 free fermion model 
from the basic fermion fields and finally confirmed that the busonic currents in the WE2 
algebra are the Casimirs of &(5) [9]. 
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In this paper, we want to generalize the algebraic structure of [9] and construct W Bz 
currents in the coset model of the generic unitary minimal discrete c i 5/2 series and 
explain briefly how to count the so(5) singlets in the c = 5/2 free fermion model by 
analysing a generating function. 

We take a look at the coset model S b ( 5 ) l  x Sb(5),/Sb(5)1+, which can be regarded 
as perturbations of the m -+ 00 model that was considered in [9]. Denoting the generators 
of the algebra g = s^0(5)8sb(5) by E$@,) and E,"zb,(z), of level 1 and m, respectively, and 
those of the diagonal subalgebra g' = s^0(5), which has level m' = 1 + m, as E'Ob(z), we 
have the relation 

E'Ob(e) = E$(z)  + E$(z).  (1) 

The indices a and b take values in the adjoint representation of so(5) and a .  b = 1,2,. . , , 5 .  
The &(5) algebra has 10 fields ( P b ( z )  = -Eb"(z) ) .  The coset Virasoro generator f ( z )  is, 
as usual, given by 

m = ?-(I,(Z) + q z ) ( z )  - ?-" 

(2)  

which commutes with EfRb(z).  Tie coset central charge of the unitary minimal models for 
WBz is 

where m = 1,2,. , .. 
Our next step is to extend the GKO coset construction to the dimension 5/2 operator 

associated with s^0(5); we follow the analysis in [lo]. In order to write down the coset 
analogue G ( z )  of dimension 5/2, we allow a general linear combination of the terms 

~~~ 

(4) 

and proceed by imposing that b(z) transforms under f ( z )  as a dimension 5/2 primary field. 
We have found that this uniquely fixes l?(z) up to a normalization factor A(1,m) 

,@leq,;,Eb;E$e) Cubcd<q,u Ebc  de <nbcdrq,o Ebc p l c  
(I) (1) (21 (1) (2) (2) 

o b d e  [ $ 0  Ebc Ed' 
p ( z ) = A ( l , m ) ~  (1) ( 1 )  0 )  

which are singlets under the underlying so(5) subalgebra of ' - ŝ o(S!. One can show that 
G(z) has an element of the coset zero contraction with E (z). The normalization factor 
A(1, m) can be fixed as 

('2% - 



Explicit construction of spin-4 Casimir operator 233 

by investigating the l/(z - w ) ~  term of o (z )u (w) .  The expression for c ( z )  has already 
been proposed in [SI with different normalizations. One can easily see that u ( z )  reduces to 
U ( z )  = &'bCder(rP,,E&Eff) [9]  as m CO. After a tedious calculation, repeatedly using 
Wick's theorem for the operator product expansion [IOI, one finds 

The parentheses denote the 'normal ordered product' between operators at coincident points. 
It can be defined as a contour integral for the operators A and B 

(8) 

How can we extract the dimension four coset field V ( z )  from the singular part of 
l /(z - w )  in the above operator product expansion? The convenient way to do it is to 
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make all the composite operators 'fully normal ordered products' [lo]. Then, using the 
rearrangement lemmas [ I O ]  extensively, we arrive at the following results 

and 

(2m4 + 43m2 - 93m2 - 2084m - 2836) 
4(m + 2) 

h =  

i = (m + 2)(2m + 1)(2m + 11) 

k =  i ( 1 0 m 2 + 7 3 m + 8 8 )  

j = (m + 2)(2m + 1)(7m +41) 

I = i (2m + 1)(7m + 41) 

(7m2 + 49m + 43) 
4(m + 2)(m + 3) 

0 =  

(23m2 + 161m + 176) 

(Sm3 - 42m2 - S43m - 716) 
(m + 2) 

(m + 2) 
p = -(23m2 + 161m + 176) q =  

s =~ (23m2 + 161m + 176) 
4(m + 2)(m + 3) 

* = -  
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The result for V ( z )  in [9] is recovered in the limit m + 00 

Comparing with the results of [9], we see that all the operators are replaced by their coset 
analogues and the central charge is given by (3). The one thing which we would like to 
stress is the fact that the nine independent fields containing the derivatives in the above 
expression for ?(z )  can be reexpressed in terms of the products of four Eab's. As an 
example 

E O b  (1) E'"aE&(z) (2) = -$[E$E:;)Et. E l i  - $;Et$ E:$ E g l ( z )  

(13) I ob Ecd Ea6 Ecd - Enb Eab Ecd Ecd - Z[E(I) (2) (2) (2) (1) (2) (2) ( 2 W  

Finally, v ( z )  can be written as 

[Cl (m)S"SfbSgcShd + C2(m)Ge'?bfcSgbshd]EobEcd Eef Egh(z) 

+ [C3(m)SeaSfbS*cShd + Cq(m)8eosfcsgbShdJEabErf E"Egh( 2 )  

+ Cs(m)S"SfcsgbShdEabECf EghEcd(z)  (14) 

where EQb(z) is E:;(z) or E:i(z) ,  the C's are some functions of m and Sub is an invariant 
tensor of so(5). Therefore c ( z )  is really the fourth-order Casimir operator for fo(5). On 
the other hand, the field contents of a 2 f ( z )  and x ( z )  = f z ( z )  -$a2?(z) are the same as 
those of 80)  except that they do nor have the terms 

(15) EobEoeEcd Ebd E o b E c d ~ o c ~ b d  EabEcd E a e ~ M  
( 1 )  (1) (2) (2) (I) (2) (2) (2) (2) (2) (2) (2)' 

In order to check that v ( z )  is a dimension four primary field with respect to ?(z ) ,  
we should compute, by explicit calculations, the operator product expansions of ?(e)  with 
18 fields (10). As a check on this, the fact that f ( z )  commutes with E'"b(z) has been 
repeatedly used. We list the operator product expansions ? ( e )  with the fields of (15) 
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The results obtained so far can be summarized as follows: We have found three currents 
of (2), (5) and (10) in the coset model (and in the c = 5/2 free fermion model). A complete 
evaluation of the operator product algebras f i ( z ) c ( w )  and c ( z ) ? ( w )  is straightforward in 
principle but not in practice. We will therefore turn to a different method. 

The NeveuSchwarz sector of the five fermion model decomposes into two irreducible 
highest weight modules of &(5) at level-one. In this circumstance one obtains the following 
expression for the generating functional of states in the NeveuSchwarz sector of the five 
fermion model that are singlets under so(5) [5] 

The factor ( I  -q)(I - q ) ( l  -q2)(1 - q 3 )  in the numerator corresponds to the fact that 
the modes of L-1, V-1, V-2 and V-3 annihilate the vacuum by requiring the regularity of 
the vacuum. In other words, they generate singular vectors. By counting the singlets in 
the factor module, the vacuum irreducible Verma module, we can recognize the generating 
currents that are in the c h i d  algebra 15, 111.  Therefore we can easily read of f  the conformal 
dimensions 

= 1 + q 2  + q 5 / 2  + 43 + q’/l + 3q4 + 2q9/2 
t 3q5 + 3q”/Z + 7q6 + 6ql3/2 + 8q7 + 0 (p) 

where we have defined the ‘modified Euler function’ 

if A is integer 

& A ( q )  = 

if A is half integer. 



Explicit construction of spin-4 Casimir operator 237 

All the states in the vacuum Verma module obtained by acting with the creation modes 
of the currents in the associated Casimir algebra are invariant under the finite horizontal 
subalgebra. Of course, this is backed up by the closed operator algebras [9]. Equation (17) 
gives the number of independent states at each level in the Fock space of two boson fields 
and a fermionic field. A basis for the seven-dimensional eigenspace of so(5) singlets with 
LO eigenvalue six is 

L-61o)NS v-61o)NS L-ZL-Zt-210)NS 

L-4L-210)NS v-4L-Zlo)NS L-3t-310)NS (20) 

The explicit check of the absence of a null state of dimension six is straightforward. 
From the above argument of the character for an irreducible representation, the structure 

of a Casimir algebra, the WBz algebra, is generated by three currents, which have dimension 
2,4,5/2, respectively. The operator algebras of these currents are expected to be similar 
for the five free fermion model and for the generic coset modeI. The coset models, at least 
for large m, can be viewed as perturbations of the limit model at c = 5/2 and will share 
its algebraic structure. This situation is similar to the case in [l l] .  It would be interesting 
to relate the operator content of (2), (5) and (IO) to that of the freefield construction [4]. 
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